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Abstract
This online Appendix includes various proofs and details that were left out of our
manuscript “Is the GATT/WTO’s Article XXIV Bad?” due to space constraints.

For all the derivations, unless otherwise stated, we assume that the parameters of the

model lie within the relevant ranges for the analysis, namely v € [0,1], N > 1 and k € [1, N].

A Properties of k£* and k**

To get an idea for which range of parameters the Article XXIV constraint binds, namely
where k£** > 1, it is useful to study the variations of k* and k** with v and N. It is immediate
to see that both k* and £** are increasing functions of N. The following shows that they

are decreasing functions of v:

D7 42T(0)[T(0) + 1 T(N)

with @5« (N,7) = 44/T(0) [[(0) + 1] T(N) ++*(N — 1) +2v(8 — 3N) — 24. The denominator

being strictly positive, the derivative of £* is of the same sign as its numerator ®,.. Further-

more, ag)—]’f]*(N, v) =7 (—6 +92+2 %) which is strictly negative for 0 <~ < 1 and
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N > 1. So @4« is a decreasing function of N and @4« (1,7) = 4/2(2 —7)(3 — ) +10y—24 <

44/12+10—24 < 0 and so - is always negative and k* is a monotonically decreasing func-

tion of 4. When v = 0, k* is infinite, when v =1, k* = —VQ(NQH)_l > 0. So k* > 1 for any v

and N > 4. Furthermore

oy  292I(2)2
with @ (N, 7) = —16 — 167 — 16(N — 2)y* + 4(N — 1)v* + (N — 1)y*. The denominator
being strictly positive, the derivative of k** is of the same sign as its numerator ®;««. Note
that

Py (N,7) < — 16 — 167 — 16(N — 2)7y* + 4(N — 1)7* + (N — 1)4*
< —[16+ 16y + (1IN = 27)7°] < =16 [1+~—+] <0

and so k** is a decreasing function of v. When v = 0, £** is infinite, when v = 1, k** =
—2N6*1 > 0. So k** > 1 for any v and N > 4, k** > 2 for any v and N > 7.

B Proofs from Section 3

Proof of Lemma 3. We want to prove that formation or expansion of CUs under the
Article XXIV constraint increases the aggregate welfare of member countries. To do so, we
suppose that CUs of size k, [, m, ..., and size r merge and we show that the aggregate
welfare of the countries involved in the merger increases. Without loss of generality, we
consider the merger of a size—k CU and a size—s CU where s =1+ m+ ...+ 7.

The proof consists of three steps: First, to prove the case where the Article XXIV
constraint does not bind on the CUs involved in the merger, we invoke the proof of Yi’s
(1996) Proposition 3; the case shown in Figure 1(a). Note that it is valid to consider a group
of CUs for whom the Article XXIV constraint does not bind even though it might bind on
other CUs not involved in the merger. Second, we prove the proposition for CUs on which
the Article XXIV constraint is binding as shown in Figure 1(b). Finally, we will show how

the first two sub-cases generalize for any CU merger.

Step 1: merger of CUs that are not constrained by Article XXIV - see Yi (1996),
Appendix B, pages 172-175

Step 2: merger of CUs that are constrained by Article XXIV

Here we consider the merger of size—k and size—s CUs such that the Article XXIV constraint
is binding for both the two individual CUs and for the resulting size—(k + s) CU. The proof
proceeds similarly to Yi’s case of unconstrained CUs. The goal of the proof is to show
the following claim: Suppose that country ¢ has free trade with £ — 1 countries and levies

equal tariffs 7.(k) = 7(1) on N — k countries. If country i abolishes tariffs on s countries,



k s (k+ s)
!
(a) Article XXIV neither binding before nor after (b) Article XXIV both binding before and after

Figure 1: Two different merger situations: external tariffs of original and resulting CUs.

s < N — k, and levies 7.(k + s) = 7(1) on the remaining N — k — s countries, then the
aggregate welfare of k 4 s countries (which consist of country ¢, kK — 1 countries which pay
no tariffs, and s countries whose tariffs are eliminated) improves.

Without loss of generality, take country 1 and suppose that it levies no tariffs on countries
2,...,k,and 7.(k) = 7(1) on countries k+1,..., N. We are interested in the following com-
parative statics exercise: what is the effect on the aggregate welfare of countries 1,. .., k+s of
abolishing tariffs on countries k+1,. .., k+s and keeping tariffs on countries k+s+1,..., N
at T.(k+s) =7(1) = 7.(k)?

Using the same notation as Yi (1996), consider a tariff vector
t=(0,...,0,7,...,7,7,...,7) (B.1)

where 7 appears from the (k + 1)th column to the (k + s)th column and 7’ from the (k +
_l’_

s + 1)th column to the last column. Consider the following two tariff vectors: t.(k

s) = [0,...,0,7c(k+5),...,7.(k+ s)] with 0 in the first (k 4+ s) columns and t.(k) =
0,...,0,7(k), ..., (k)] with O from the first to the kth column (where 7.(k + s) = 7.(k) =
7(1)). We can move from t.(k + s) to t.(k) by integrating from 0 to 7.(k) the infinitesimal
changes from the tariff vector defined by (B.1) dt = (0,...,0,dr,...,dr,d7’,... d7") with

dr' = 0: te(k) = te(k +s) + [7* dt.
k+s )
To prove our claim, similarly as Yi (1996), we show that d(>  W7)/dt < 0 for all
=1

J
k+s

t along such a path of integration. To do so, we first show that d(>_ W7)/dt < 0 for
j=1

W) fdi? < 0.

1

K+
te(k+s)=1[0,...,0,7.(k+5),...,7.(k + s)]. And second, we show that d*(

J
k+s

Step 2a: Since changes in country 1’s tariffs do not affect sales in other countries, d(z W) /dt =

J=1



k+s
AW + Zﬂ'lj )/dt, where W' is country 1’s welfare net of its export profits. Since

j =2
Wt + Zw = v(qi) — c@q, which is the net total benefit from consumption of qy,
k+s N
W+ Z ) =v(q) — c@Qq — Z 719, To save on notation, we can drop superscript 1.
j=kts+1
N
The total tariff 7" at the tariff vector t is 7' = ZTj =s7+ (N —k —s)7 and dT =
j=1
sdt + (N — k — s)dr’ = sdr. From the first-order-condition of firms’ profit maximization,
N
pj —c¢ = ¢; +7;. Then Z =Q+T. Att,q1=...=q, Qg1 = ... = Qrrs and
7=1
Qits+1 = - .. = qn. From (2), dg; = %W. Thus,
dg _ ys dgpry _ s —T(N) = doy 98
dt  T(O)T(N) dt C(0)I(N) dt ['(0)I(N)

Using these results,

d Ak d - N dq dg;
‘IAZ J| = _ _ J — RN R 1
dt ( * ZjQ g > Fl@-Q -2 > =3 Z 205 31

j=k+s+1 7j=1 Jj=k+s+1

where Q = 4(Q +T) — I'(N) [gk+1 + 7] = 2(N — k — s)yqn. At te(k+s5), Q = —I'(0)q1 —
(N =k —s)v[q + gy — 7e(k + )], and

-+ o =7k ) = e 00) = TV 1)+ 1] = 2N =k = s)1] -+ )
= —D(l)lr(N) 12127+ 99" = 7* +9(6 = 57 +7°)N =29(2 + ) (k + s)

~—
>0

The expression in the square bracket is a linear, decreasing function of k + s. As we are
assuming that Article XXIV binds, we must have k& + s < k**. Hence

ity — ok +5) > m [12 = 129+ 992 — 7% +4(6 — 5y + 12N — 29(2 + 7)k*]
2+ -
~ DOT(N)



Step 2b: Again following Yi (1996), we have

S

j—; (W—F;H) = — W{(l —Y)(N)I'(N —s) + sy [[(0) +2(N —k—s)7]} <0

Step 3: generalization

So far we have proved the proposition in two different situations: first, when the Article
XXIV constraint is not binding (neither for the initial CUs nor for the after-merger CU);
second when the Article XXIV constraint is binding in both cases. We now have to show
that the result still holds when the Article XXIV constraint is binding for (at least one
of) the initial CUs but not for after-merger CU. (It is easy to deduce from Figures 3a
and b that the converse cannot occur). This step is an easy comparative statics exercise.
Consider the tariffs of the CUs not involved in the merger as given (could be constrained or
unconstrained). The subscript v denotes an unconstrained CU and the subscript ¢ denotes
a constrained CU. By Yi’s proof, we have (k+ s)W,(k+s) > kW, (k) + sW,(s). Now given
the tariffs of the CUs not involved in this merger, the CUs of size-k and size-s involved
in this merger are better off when unconstrained compared to the constrained situation

kW, (k) +sW(s) > kWo(k)+sWe(s). So, we have (k—+s)W,(k+s) > kW.(k)+sW.(s). O

C Proofs from Section 4

Proof of Proposition 3. The goal here is to determine the impact on world welfare of
an expansion of a CU. Assume that C' = {ky, ks,..., k,} is the CU structure. Without
loss of generality, assume that the first CU (of size k;) is expanding by accepting members
from the last CU (of size k,,). We want to see the impact of an increase in the asymmetry
between these two CUs, so we assume k; > k,,,. The large CU is imposing a CET 7y, the
small CU is imposing 7,,,. The actual sub-structure {ks, ..., k;,_1}, which stays constant,
will be irrelevant for the changes in world welfare and the only thing that will matter will
be the sum of the sizes of the other unions so let’s define k = ko + ...+ kn—1. We can

then re-express the size of the last CU k,, = N — k — k;. We want to determine the sign of
AWy (k1 ,k2,...,N—k—Fk1)

. The total derivative can be decomposed as follows

dk1
dkl N le (T1,7m) 87'1 8k1 aTm akl ’
LTm) N —~—
<0 <0 =0

We assume that Article XXIV binds at least on the small union involved in the transfor-
mation, and so we have 7,, = 7.(N — k — k1) = 7(1) and hence ?«)TTT = 0. Therefore the last
term in (C.1) is zero. (Note that it is irrelevant whether Article XXIV binds or not on the

CUs not involved in the change considered.) Furthermore, with Article XXIV in place, we



know that 7 = 7.(k;) is a non-increasing function of k; and so we have g—g < 0. From the

proof of Proposition 2 above we also have %WTY < 0. The remainder of this proof shows that

AW 2
8,;" A > 0 when k; + &, > 5N.

From (9) we have

m—1

Wiy = kiNS(ky) + (N —k = k)NS(N =k — k) + Y kiNS(k;) (C.2)

=2

Using (6), (7) and (8) we have

1 9 . 2 — kT
SEORT () YO D) + 1] = 2D(0P(N — ko) (C.3)

+ (N = k) [D(k;) — 2T (k;)?] 77}

7

NS(k) =

Substituting (C.3) into (C.2) yields

1
e ¢ Y

_2F(0>2 [kl(N — kl)Tl + (N — l~€ — lﬁ)(l; -+ kl)Tm]

Wy = — k)NT(0)* [[(N) + 1]

+hi(N = k1) [D(kr) = 20 (k1)*] 7
k

F(N =k — k) + k) [D(N —k k) —20(N — k — kl)Q] T;}
+mz_kiNS(k:

Differentiating with respect to k; yields

oWy
Ok,

1 ) 3 i
= W {2F(0) |:(2]€1 - N)Tl —+ kTm —+ (le + bk — N)Tm}

(C.4)

(7—17Tm)

+alk, N7+ Bk + ki, N,y)r2 )
where

a(k,N,7) = —37*[[(N) — N]k?
+2[=*(1 = y)N* + 29T (0)N + T(0)*(1 — )] k
—T(0)*(1 =y +yN)N
Bk, N,7) —372 [C(N) — N &
+2[27%(1 = 9)N? +40(0)(2 = 37)N + T(0)*(1 — 7)] k
7)

— (1=7)I(N)*N



Recall from the study of the Article XXIV constraint that Article XXIV can either bind on
both the small and the large union (7; = 7, = 7(1)) or it can bind on the small union only
(T = 7(1) and 7 = 7(k1) < 7(1)). Article XXIV can never bind on the large union and

not bind on the small union. To sign (C.4) we thus need to distinguish two cases:

1) Article XXIV binds on both the small and the large CUs (7, = 7, = 7(1)):

When both unions are constrained, equation (C.4) simplifies to

oWy (k= ka)7(1)
Ok, ~ 2I(0)2I'(N)?

— k392 [N = T(N)] (1) }

{400 + [P(0(1 = 7 +9N) + (1 = )D(N)] 7(1)

(Tlva)

(C.5)

The first line of (C.5) is positive. The second line can be either positive or negative depending

on the parameters v and NV:
N-T(N) <0 y>5(N) = ~—= (C.6)

Hence 2w is unambiguously positive for v > 7(N). For v = 0, the expression of

Ok1 (Tl aTm)
OWw
ok

(Tlva)

the derivative (C.5) further simplifies and it is also unambiguously positive:

abm)T) 19 4 7(1)] > 0.

4
For 0 < v < 4(N), the second line of (C.5) is negative. The whole expression %WTEV

(7_177—’"1)

is positive provided that k is sufficiently small. In other words, the two CUs involved in
the change considered have to represent a sufficient proportion of countries in the world: we
have to have ky + k, = N —k >k, = max(0, l%c) where

AT(0)2 + [T(0)*(1 — v +9N) + (1 — NT(N)?] (1)
32 [N —T(N)]7(1)
_ 2{(1 =) r(N? = 2T Oy ()N - T(0)* 2+ (1 — y)7(D)]}
3[(1 =y)y?*7(HN = T(0)r?7(1)]

I;CEN—

What can we say of k.? The denominator of k. is strictly positive on the range considered
(0 < v < 4(N)). When the numerator of k. is negative, k. = 0, and the derivative of welfare
is positive for any value of k up to N (the minimum size of the two CUs is zero). When the
numerator of k, is strictly positive, k, > 0. Furthermore, as —I'(0)y27(1) > —2I(0)y7(1),
we have

L= )Pr()N = 2POpr()] N _ 2
(=) (N = 20(0)y7(1)] 3

7 2 [(
<
k. < 3

Hence 0 < k., < %N.



2) Article XXIV binds on the small union only (7 = 7(k1) < 7(1) = Tn):
With 7,,, > 7, we have that

(2k1 — N)1y + kT, + (2K, —|—l%—N)7‘m > (2k; — N)my +kmy + (2ky —|—];’—N)7‘m
= (k1 = km)(1 +7) 20

And so the first line of (C.4) is unambiguously positive. We now need to sign the expressions
a and (. Before we proceed to do so, it is useful to recall certain conditions that have to be
satisfied when Article XXIV binds on the small union, but not on the large. First, we must
necessarily have 7 > yno = %‘ﬁ. Furthermore, for the large union not to be constrained,
we must have k&, > £ = k + k1 > k**. On the other hand, for the small union to be
constrained, we must have k,, = N — k— ki <k* < k+ ki > N — k**. Which of these two

conditions binds depends on . From the study of £** we know that:
e For v < Ty = 3—\/5, k** > N — k**, and so we have to have l;:+k1 > B > N — k.
e For v > Ty = 3—+/5, k** < N —k**, and so we have to have k +k; > N — k™ > k**.

We now proceed to sign o and f3:

2.1) We show that @B(k,N,v) >0 for any N >6, v € [YNw,1] and
k > max(k*™*, N — k**): (k,N,~) is a second degree polynomial in k. To sign it we

differentiate successively with respect to k.

0*B(k, N, )

St 6 [0(N) — N]

From (C.6) we know that this second derivative can be either positive or negative depending

on the parameters N and . We thus need to distinguish two sub-cases:

2.1.1) For v > (N): % > 0 and so % is an increasing function of k. To sign
this first derivative, we evaluate it at the lower bound of our interval of interest. Assuming

N > 6, we have 5(N) > Ty We are thus interested in k = k + k; > N — k**.

) 1
Sp PN = K7 N y) = o= | (L= 2)"7° (14 = 37) N* + 9T(0)(10 — 227+ 187" — 37y") N

2 + "}/ ~- 7 7
>0 for ve[o,1) >0 for vefo,1]
+T(0)%(4 — 14y + 167> — 37%)| >0 (C.7)
>0 fo;rye[o,u
and so % is positive for any k¥ > N — k**.! Hence f3 is an increasing function of k for

!This proof and many of the following proofs require us to sign various polynomial functions of « like



k> N — k**. Again, to sign [, we evaluate it at the lower bound &k = N — k**:

B(N — k™, N,v) = WQB(M )

with

95(N,7) = +7°(1 = 7)(3 = 7)(=10 + 19y — 37*)N?
— 731 — ) (176 — 396 + 328+* — 97+ 4+ 9y*)N?
+AT(0)(4 — 6y +72)(—36 + 627 — 477 + 99°)N
+T(0)%(4 — 67 +9) (=8 + 167 — 149* + 31

gs(N,~y) is a third degree polynomial in N. To determine its sign we differentiate successively

with respect to N. 6395&7];7,7) = 6731 — )3 — y)(=10 + 19y — 34%) > 0 for v > Ty
92g5(N,v)

SO is an increasing function of N. As 88—]52%(6,7) = 29%(1 — ) (=176 — 144~ +

ON?
878v% — 4073 + 45v%) > 0 for v > vy, 629515[];[’7) is positive for any N > 6 and %
is an increasing function of N for N > 6. Furthermore, w = ~(—288 — 1040~ +

19682 + 314473 — 57429* + 219575 — 22545) > 0 for v > gL and so the first derivative
is positive for any N > 6 and gg(NN,7) is an increasing function of N. Finally, gs(6,v) =
—128 — 1152 — 1024~2 + 53763 + 2288y* — 8460+° + 355075 — 37577 > 0 for v > 7y and
so gg(N, ) is positive for any N > 6 and v > V- Thus we have that (N — k**, N,v) >0
and so f(k, N,~) is positive for any k > N — k™ N > 6 and v > 7(N).

2.1.2) For v < H(N): % < 0 and so aﬁ(g’év”) is a decreasing function of k. We

need to distinguish two further sub-cases:

2.1.2.1) Yy <~ < H(N): We know from (C.7) that % (N — k™, N,~) is positive. On
the other hand % (N, N,~) can be either positive or negative for v < 5(N). Therefore,
B(k,N,~v) is either an increasing function of k or it is initially an increasing and then
decreasing function of k. In either of these two cases, if we show that 5(k, N, ) is positive
on the bounds of the interval [N — k** N|, we will know that it is positive for any k in this
interval. From the above, we know already that at the lower bound S(N — k**, N,~) > 0 for
=y Furthermore, we have at the upper bound 3(N, N,~) = T'(0)2N(1 — v +~yN) > 0.
And so B(k, N, ) is positive for any k > N — k**, N > 6 and v > Ty

2.1.2.2) v < T < A(IN): When Ty < A(N), we have k™ > N — k** and we are therefore
interested in signing 8 for k € [k, N]. From (C.7) we know that ZB(N — k™, N,)

is positive and as we already mentioned % (N, N,~) can be either positive or negative
for v < (N). As % is a decreasing function of k, we have %B(N — k™, N,~) >

4 — 147 + 1672 — 372 above. All these functions are continuous and differentiable. They are function of
a single variable v taking values in a bounded interval [0,1] or parts of this interval. The sign of these
functions can be determined by successive differentiation with respect to . For the sake of space, we will
not present these detailed differentiations.



%B(k**, N,~). If % (K™, N,~) < 0 then we necessarily have %B(N, N,~) < 0 and the first
derivative is negative on the whole range of interest. In this case, f(k, N,~) is a decreasing
function of k on [k**, N]. If % (k**, N,7v) > 0, we can still have %B(N, N, ~) of either sign
in which case 5(k, N,~) is either monotonically increasing or initially increasing and then
decreasing in [£™*, N]. In any of these three cases, if we show that S(k, N,~) is positive on
the bounds of the interval [k**, N], we will know that it is positive for any k& in this interval.
We already know that S(NN, N,~) > 0. We now need to sign S(k**, N, ).

B(E™, N,vy) = fa(N,7)

4y(2+7)?
with
fo(N,y) = =7 (1 =9)*(14 = 37)(2 = Ty + 7NV
+ 42T(0) (=16 + 2847 — 6767 + 509+% — 1227* + 97°) N2

+ (1 =7)T(0)%(4 — 67 +7*)(12 + 58y — 99*)N
+T(0)*(4 — 67 +7°) (8 + 8y — 229° + 3+?)

f8(N,7) is a third degree polynomial on N. To determine its sign we differentiate succes-

sively with respect to N. % =631 —9)?(14 = 37)(2 =Ty +72) > 0 for v > Yy
SO % is an increasing function of N. As 8‘9—;2f5(6,7) = 292(—=32 + 807 + 1244~* —
318473 + 2433~* — 598+ + 457°) > 0 for v € [Ynoo, 7x], % is positive for any N > 6
and w is an increasing function of N for N > 6. Furthermore, 2 g(f,ﬁ) =~v(192—128y+

14562 + 182473 — 118924* + 11084~° — 2905+° + 22577) > 0 for v € [Ynoo, vxy] and so the
first derivative is positive for any N > 6 and f3([V, y) is an increasing function of N. Finally,
F(6,7) = 256+6407 — 25672+ 24323 — 21 767* — 1372075 + 167207° — 470077 +3757% > 0 for
v E [’yNoo,fy%] and so fg(N,7) is positive for any N > 6 and v € [’yNoo,fy%]. Thus we have
that B(k™, N,~) > 0 and so B(k, N,~) is positive for any k > k**, N > 6 and v € ['yNOO,’y%].

Hence we have shown that [(k, N,7) is positive for N > 6, v € [Ynoo, 1] and k >
max(k**, N — k™) which covers the entire relevant range where the Article XXIV constraint

might bind on the small union, but not on the large union.

2.2) a(k, N,~): Similar derivations as for S(k, N,~) show that a(k, N,v) can be either

positive or negative depending on the parameters. We can therefore distinguish two cases:

2.2.1) When a(k, N,~) > 0: We can immediately conclude that 2%w

ok 18 positive.

(Tlva)

2.2.1) When a(k, N,v) < 0: We can note that

alky, N, + Bk + ki, o) = |aks, Noy) + Bk + ki, N.y)| 72

10



and

Tl P 2O ) DO )+ (L= PN =

— k392 [N — (N)] r;} (C.8)

(Term)

As in (C.5) in the constrained case 1), the first line of (C.8) is positive. The second line
can be either positive or negative depending on the parameters v and N. The second line
is positive for v > (V) and for v = 0, and thus the partial derivative of welfare is positive

for these values. For 0 < 7 < (N), the second line of (C.8) is negative. The whole

IWw

B is again positive provided that k is sufficiently small. We have to

(T1:7m)

have ky + k,, = N —k >k, = max(0, lg:u) where

expression

; 20(0)* (71 + 7n) + [L(0)*(L — v +yN) + (1 = NIWN)?] 77,
3y [N = T(N)] 77,
_ 2{(1 =) N? = 20(0)y75 N — T(0)* [11 + 7o + (1 — Y) 7]}
3[(1 = )P*r N = T(0)y*72]

And we have as in the constrained case 1)

~ 2

ko< (1 - ’7)727—771]\[ - QF(O)fYTm] N _ 2

[ 2
3[(1 — V)27 N = 20(0)y7] 3N

And so for ki + k,, > 25, we have unambiguously in both cases 1) and 2)

W _ OW| W On Wiw Om
dk’l 8]{31 (T1,7m) 67'1 2@}/ 87'7” \%_
>0 <0 <0 =0
>0

D Proofs from Section 5

Proof of Lemma 7. 1. Smallest CU: The last union to form must be the smallest since,
by Lemma 5, the smallest CU entails the lowest level of welfare for its members. Note that
a symmetric CU structure is not an equilibrium outcome. This is also a simple consequence
of Lemma 5: if the last two CUs to form are of the same size, then they would be better off

by merging. O]

2. Second smallest CU: Again, the second smallest CU must be unique, because two
symmetric CUs would be better off by merging. Suppose that the second smallest CU has
less than kg members. Then the members of this union would be better off by admitting

(at least) one more member. O

11



3. Number of equilibrium CUs: The second smallest CU which is the second-to-last to
form has at least ky members and all the CUs that form before have strictly more members
than this CU. Thus there cannot be more than (%) CUs in equilibrium where / (%) is the
next highest integer to % The goal of this proof is to determine a lower bound for kg in
order to get an upper bound for the number of equilibrium CUs.

Recall that kg is the largest integer such that any size-k CU, k < kg, becomes better off
by merging with a single-country CU, i.e. W(k,C)—W(k—1,C") > 0.

When v = 0, for any k& and N we have W(k,C) — W(k —1,C") = &5 > 0 and ko is
infinite. There will be only one CU of size N in equilibrium when v = 0.

When, v > 0, treating k£ as continuous, we want to solve for kq such that

Wk C)— Wk —1,C") =0
& NS(k) = NS(k — 1) = (N — k)go(k)* + (N =k + 1)go(k —1)* —go(1)* =0 (D.1)

In order to solve for ky, we need to distinguish three cases:

a) ko is such that a CU of size kg is constrained by Article XXIV

If a size-ky CU is constrained by Article XXIV then a size-(ky—1) must also be constrained by
Article XXIV. In this case, making use of (6), (7) and (8), together with 7.(k) = 7.(k—1) =
7(1), (D.1) becomes

7(1) 2 _
W(u&k + wlk + Cd(]) =0 (D2)

with

wy = 6727(1) >0
wi = — 2y {40(0) + (1) [1 + )N =849y —+*]} <0
wo = 2T ()T (2N +4) + 7(1) [-(1 = 1)V’ N* = (1 = )y(4 +7)N + T(0)(2 — 117y + 2+°)]

Substituting 7(1) into the w; and solving (D.2), a second degree polynomial equation in k,
yields
ko = fko (Na 7) - gk()(N? 7) <D3)

where

Y3 —74)(6 — )N + 32 — 22y + 1992 — 43
6v(2+7)
0,N? + 0N + 6,
[67(2 +7))?

ka(N,’Y)

Jio (N, 7)
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with

0y = 72(156 — 2767 + 17142 — 2473 + )
01 = 27(240 — 744~y + 6329% — 21473 + 25¢* — ~7)
0y = 352 — 1696 + 2084~* — 10687> + 255v* — 26+ + ~°

The goal now is to show that kg is a decreasing function of v and so evaluating ky at v =1
will give us a lower bound for ky for any ~.
Lemma. For any N > 6 and v > 0, ko is a decreasing function of .

Proof. We first look separately at fi, (N,7) and gk, (N, ). The first derivative of fi,(N,~)

with respect to v is negative.

dfy
dy

2(36 — 4y — V)N + (2 — 7)(32 + 48y — 67° —
(Nm):_v( 7 =) +(2 7)(2+ =6 =)
67%(2 +7)

So fk, is a decreasing function of v. Furthermore,

dgko _ (I)ko
dry (N,7) = 18v3(2 + )3

with

oy, = ¢2N2 + ¢1N + ¢
¢ = — (12 =12y +9%)(36 — 4y —7*) <0
P1 = — (2 —7)(240 + 480y — 11367” + 1767° + 137" = 27°) S 0
go = — (2 —7)(352 — 3207 — 14329 + 8607° — 927" — 7/° +1%) S 0

gk,
dry

The denominator of (N, ) being positive, the derivative is of the same sign as its nu-

d?®
5t = 2¢; < 0 and

so the first derivative of ®;, is a monotonically decreasing function of N with %(4, v) =
—7(480 + 7207 + T04~+% — 235293 + 4267* + 4795 — 6795) < 0. Hence, ®y, is a decreasing
function of N for N > 4. For N = 10, we have

merator ®;,. The numerator is a second degree polynomial in N with

@, (10,7) = —(704 + 38087 + 46567> + 18832y° — 34164~* + 57787° + 6397° — 8177) < 0
So for N > 10, d;;?@ is negative. Let us now calculate the derivative of ky with respect to

dko _ fl g;ﬂ) . 2ng0f]/€() _g;C()
- = ko —

dry 2/0ky 2./ Gk

When g, = dz:O is negative, we have 2,/gx, ., + g1, < 0 and so ‘fi—’ff will be of the opposite

13



sign of 4g, fiz — g2 = (2\/TkoSfhy — o) (2y/Tkofhy + Giy)- To finish the proof that kg is a
decreasing function of v we thus need to determine the sign of 4gx, fi2 — gi2.

Xk

2 2
AGko fre — G = 10852 £ 7)1

where

Xio = xaN* 4+ x3N? + xaN? + x1N + xo
X1 =7°(36 — 4y —7%)? > 0
x3 = 271(36 — 4y — 4*)(352 — 512 + 204+% — 367> + 59%)
X2 = 72(34048 + 54272 — 3042562 4 282496~% — 98880~* + 13504+° — 26415 — 168" + 23~®)
X1 = 47(2 — ) (13440 — 12992 — 66816+ + 785767% — 29008~ + 3984~ — 7875 — 4277 + 5+°)
Xo = 2(2 — 7)%(4928 — 11424~ — 241927% + 162087% — 2864~* 4 116+° + 227° — 377)

The denominator being positive, the expression is of the sign as its numerator Xy, which
is a fourth degree polynomial in N. To sign this polynomial we differentiate it successively
with respect to V. ju)é'zo = 24x4 > 0 and so the third derivative of X}, is an increasing
function of V. %(6, v) = 29%(36 — 4y — 72)(352 — 5127 + 63672 — 8443 — 79*) > 0 and
so the third derivative is positive for any N > 6 and the second derivative is increasing
with . %(6, v) = 272(34048 + 542727 + 15193672 — 431744~ + 506496+ — 106304~ —
804075 + 213677 + 599%) > 0 and so the second derivative is positive for any N > 6 and
the first derivative is increasing with N. 0(6 4) = 87(13440 + 31360y + 210882 —
225673 — 180232y + 254216° — 561185 — 320747 4 10709® + 57°) > 0 and so the first
derivative is positive for N > 6 and X}, is an increasing function of N. Finally, Xy, (6,7) =
2(39424 + 1720327y + 1128962 — 124288~* — 4029767 — 682880~ + 142171275 — 335560~ —
151407 + 62007 — 757'0) > 0 and so Xy, is positive for any N > 6 and v > 0 and so

Agi, f12 — g1z > 0 and hence ky is a decreasing function of  for N > 10.

For N < 10, dgko changes sign with v. When g < 0, the above proof applies (for

2 dy
N > 6). When d%l > 0, gk, is an increasing function of v and —,/gx, is a decreasing
function of 7. Hence ko = fi,(N,7) — \/9r, (N, ) is a decreasing function of ~. O

We have therefore shown that, for any N > 6 and v > 0, kg is a decreasing function of

v, and so evaluating kg at v = 1 gives a lower bound for kq:

5—7
9

N

1
Koy =1) = 75 [10N + 28 — \/2(1AN? = 62N — 49)| >

To finish the proof for N < 6, we check that ko(N,~v) > N for N =1,2...5. Hence we have
shown that, for any N and any ~, ky > %ﬁN and so there will be at most four CUs in

equilibrium.
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Furthermore, we can note that ko(y = 1) > & for N < 31 and so we know that for
N < 31 there will be at most three CUs in equilibrium.

As kg is a decreasing function of v and ky(y = 1) < % for N > 31, there exists a
unique v3 € (0,1) for which ky = % This 3 is a complicated function of N, but 43 =
%(13 —V/129) =~ 0.821092 is a lower bound for 3, because ko(vs) > % (with equality for
N = 400). Hence we also know that for N > 31 and v € [0, 2(13 — 1/129)] there will be at

most three CUs in equilibrium.

b) ko is such that a CU of size kg is not constrained by Article XXIV, but a CU
of size ky — 1 is constrained by Article XXIV
If this case occurs, we have W, (k,C) — W.(k —1,C") > W.(k,C) — W.(k —1,C") and so the

derivations from case a) above provide also a lower bound for & is this case.

c) ko is such that neither a CU of size k¢ nor of size ko — 1 are constrained by
Article XXIV
This case corresponds to the case without the Article XXIV constraint analyzed by Yi (1996)

who shows that there will be at most three CUs in equilibrium. O]

Proof of Proposition 4. We assume that the equilibrium CU structure consists of at most
two blocs: a bloc of size k which forms first and a bloc of size N — k. From Lemma 7 we
know that the two blocs will necessarily be asymmetric with the larger bloc forming first
and so we have k > N — k. (Note that we allow the small bloc to be empty (kK = N) in
which case there is only one bloc in equilibrium.)

The aim of this proof is to determine which bloc will be bound by Article XXIV and
when. We already know that, for v < vy, CUs of any size are bound by Article XXIV so
both the small and the large CUs will be bound. If £ < N, then the range of v for which
both equilibrium CUs will be constrained will be larger. We also know that, as k& > %, the
large CU will not be constrained for v > N Hence both blocs will be constrained on a
subrange of (0,7%).2

To determine exactly which bloc will be constrained and when, we need to determine
the equilibrium size of the two blocs. The large CU (the first bloc to form) is choosing its
size k to maximize its welfare knowing that the second bloc will be formed by the remaining

countries. The optimization problem is thus
argmax W (k,{k, N — k})
k

To solve this optimization problem, we need to calculate the first derivative of the welfare
function of the large CU W (k, {k, N —k}) with respect to its size k. But the welfare function

2From Lemma 7 we know that for v = 0 there will be only one CU in equilibrium and so Article XXIV
will have no hold.
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W (k,{k, N — k}) changes depending on which of the blocs is constrained. So to determine
the equilibrium size of the two blocs, we need to know whether they are constrained or
not. To solve this problem, we therefore have to determine the equilibrium size of the blocs
making assumptions on whether they are constrained or not, and then we have to check
that the obtained equilibrium sizes do not contradict our assumptions.

Hence the proof proceeds in three steps. First, we solve for the equilibrium size of the two
blocs assuming that they are both constrained and we determine the range of parameters
for which the obtained equilibrium sizes are indeed such that the two blocs are constrained.
Second, we solve for the equilibrium size of the two blocs assuming that only the small bloc
is constrained and we show that, on the remainder of the parameter range, the equilibrium
sizes are such that only the small bloc is constrained. Finally, to terminate the proof, we
solve for the equilibrium size of the two blocs assuming that neither of them is constrained
and we show that the equilibrium sizes are such that the small bloc would necessarily be
constrained. Hence we can conclude that the case in which neither bloc is constrained never

arises in equilibrium with Article XXIV.

1) Assume that both blocs are constrained by Article XXIV (CC):
Making use of (6), (7) and (8) with 7.(k) = 7.(N — k) = 7(1), we can calculate the first
derivative of the welfare function of the large bloc with respect to its size

dWee(k,{k, N — k}) 2+

dk T 2T(N)2D(1)2 [Ao(V,7) = 29Au(N, 7)k] (D.4)

with

Mo(N,7) = T(0)(28 — 207 + 57 +42) 4+ 49(30 — 29y + 139*)N ++*(34 — 41y + v*) N?
AM(N, ) =64 — 607y + 3292 — 43 + (22 — 27y ++*)N

o IWC{EN-KY) _ 7

dk 72 > 0.

When v = 0, the derivative is strictly positive and independent of
The optimal size of the large bloc is thus k% = N.

C

When 0 < v < VN Xo(N,7) > 0 and A{(N,~v) > 0 and from setting (D.4) equal to zero we

have MV, )
PN, y) = D.5
cc ( 7) 2/}/)\1 (N, ’y) ( )
We can note that kj:t is a monotonically decreasing function of V.
d [kt Ao (N, )
— | = (N — _ ) 0
dN { T )} 2N (N,7)?
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with Ao(N, ) = &N? + N + & where

€ =77 (464 — 1128y + T84y — 1147° — 215" +7°) > 0 for v € [0, 7x]
€ = 291(0)(22 — 277 + %) (28 — 20y + 57* +43) > 0 for v € [0, yv]

2

& = T(0)(64 — 60y + 327" —°)(28 — 207 + 57 +°) > 0 for 7 € [0, 7x]

opt k:oPt 34 - 41 2 17
And so for any N, kN > lim = = tiat] > —. Hence, if the size of the large
N—=oo N 44 — 5dry + 22 — 22

bloc is k2", we know that the size of the small bloc is smaller than 25—2N < k**(N,1) and so

the small bloc is necessarily constrained by Article XXIV.

The question now is whether the size of the large bloc k%" (which we obtained assuming
that both CUs are bound by Article XXIV) is such that the large bloc is also constrained.
In other words, is k%" the relevant solution for the equilibrium size of the large CU? We
show that this is the case for a subrange of . To show this we determine when k2" < k**.

Define Ay = k™ — k%', After simplifications we obtain

29(2 + )M (N, )

Ar(N,7) = (D.6)

with

(N, 7) = T(0)(200 — 6127 + 5627 — 263> + 377* — 7°)
+ 29(160 — 568y + 5927* — 266> + 367* — 7°)N
V2(64 — 2247 + 2027% — 337° 4+ ) N?

Ag(N,v) is a continuous function of v for v € (0,7%]. It is easy to show that it is a
monotonically decreasing function of v on this range:
dAk(N,7) pe (N, 7)

= — <0
dry 292(2 + )2 M (N, 7)?

where fi(N,v) = po + N + paN? + psN* with

Lo = 51200 — 44800y — 137664~2 4+ 315136~> — 3135527 + 1675687 — 46388~ + 271277
+8217° — 607" +4'% > 0 for v € (0, 7x]

1 = (35200 + 26432y — 249408~ + 39596877 — 2880407* + 102772v° — 824075 — 2146~"
+1707® — 377) > 0 for v € (0,7]

po = (5888 + 36864y — 129600~* + 1482567 — 734407* + 8264~° + 185275 — 160~7
+3v%) > 0 for v € (0,7%]

ps = (7808 — 20976y + 1661272 — 2736+% — 527v* + 507° — 4%) > 0 for v € (0, Vx]
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Furthermore, we have

466 |, 642115906555069 N2 — 20005524915931138 N + 286625284171126069

AL(N =
k(N 1000) 287289000(561247837N + 5360974663)
>0 for N>1
AR(N 476 )= — 20100163461469N? + 720384736178562N — 3547369240077531
AT 36830500(69723409N + 665352841)
<0for N>5

So by the intermediate value theorem, we know that there exists a unique §(N) € (oo A76.)

such that Ai[N,%(N)] = 0. Hence for v < (N) we have k%" < k** and for v > 4(N) we
have k%' > k**. Therefore for v < 4(N) both CUs are well constrained by Article XXIV

and k%" is the relevant solution for the equilibrium size of the large CU on this interval.?

2) Assume that only the small bloc is constrained by Article XXIV (UC):
The solution k%" obtained above assuming that both CUs are constrained by Article XXIV
is such that for v > 4(N) the CU of size k%" would not be constrained by Article XXIV.
Therefore, for v > §(N), k%" cannot be the relevant solution for the size of the large CU.
We now assume that only the small CU is constrained by Article XXIV and solve for the
equilibrium size of the large union k%",
v > 4(N). Given that 4(NN) > 0.466, we prove all the results for v > 0.466 which proves
them for v > 4(N).

Again making use of (6), (7) and (8), but now with the large bloc imposing 7.(k) =

In the remainder of the proof we are assuming

7(k) < 7(1) and the small bloc imposing 7.(N — k) = 7(1), we can calculate the first
derivative of the welfare function of the large bloc with respect to its size
AW e(k,{k, N — k}) H,.(k,N,~)

dk ~ 2T(N)2D(1)2D(k)? (D7)

with
Hoo(ky N, y) = 06(N,7)E® + 05 (N, 1)K 4+ na(N,Y)E* + n3(N, 1)k + 02 (N, )& + ni(N,v)k +m9
and

ns(N,7) = —247°(2 +7)°

3For N > 9, we can even refine the range of (V) because we have

470 7855687771 N? + 1946145300258 N — 16803834658029

Ap(N =
k(N 1000) 2321800(4479523N + 42764977)

<0for N>9

and so we know that §(N) € [fo5. AT0].
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n5(N,7) = —87°(2+7) [7(10 — 21y — 39*)N + 80 — 44y + 49* + 37°]
na(N,7) = 29* [-77(28 — 1887 + 1437* + 78+ + 37*)N?

+ 2y(—448 + 1032y — 22872 — 1347 + 53y* + 3+°)N

—3648 + 3648y — 9127 — 4167 + 2607 — 28+° — 34°]
1s(N,7) = 47° [v2(1 = 7) (4 + 28y — 559° — 99°)N?

— 2(144 — 9927 + 127272 — 4207% — 159" + 237°) N?

+ 7(—2128 + 64967 — 57367% + 19047 — 57* — 1307° + 197°)N

+(2 = 7)(—2880 + 40487 — 23207* + 408+° + 1327* — 597° + 57°)]
m(N,7) = 29" [v1(1 = 7)(52 — 887 + 239" 4 159°) N*

+47°(136 — 254y + 317 + 1137° — 467" + 47°)N?

+ 72(752 + 2624y — 7900~ 4 66127° — 2166~* 4+ 156+ 4 3575 N?

27(2 — ) (—1872 + 66967 — 7444~* + 3742v* — 7367* — 537° 4+ 2975)N

2(2 — 7)*(—2432 + 41767 — 32567° + 11847> — 1129* — 499° + 117°)]
m(N,7) = 49(2 = 7)* [v*(52 — 88y + 237° + 159°)N*

+ (508 — 788y + 244~? + 84~3 — 434*)N?

+ 8733 — ¥)(2 +7)(33 — 497y + 2672 — 5y*)N?

+ (1264 — 7207y — 1008~% + 14527% — 731~* 4 1587° — 117°)N

—(2 = 7)(3 — 7)(160 — 304y + 288% — 1207* + 229* + +°)]
no(N,7) = (2 —7)* [v*(272 — 5367 + 2159% + 53+ — 30¢*)N*

+ 477 (648 — 12867y + T47y* — 8v* — 115" 4 267°)N?

+ 2+7(4328 — 8824~ + 6382y% — 1076 — 901~* + 471+ — 667°) N2

+479(2 = )2+ 7)(3 — 7)(236 — 4287 + 3357 — 1257° + 18y")N

+(2 = 7)%(3 = 7)(336 — 352y + 407* + 1287° — 837" + 147°)]

The optimal size of the large CU k%' is given by setting (D.7) equal to zero. It is hard to
find a closed-form solution of this polynomial equation of degree 6 in k, we can however
provide a lower bound for k%' by studying further the derivative of the welfare function
(D.7).

The small CU being constrained by Article XXIV, we are interested in the variations of
the derivative (D.7) for N — k < k** < k > N — k**. We show that the derivative (D.7) is
strictly positive for k € [N — k**, %N] and so we will have shown that k%' > %N.

The denominator of the derivative (D.7) is strictly positive and so the derivative has the

same sign as its numerator H,.(k, N, 7).
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Lemma. H,.(k, N,v) changes sign only once in the interval [N — k**, N|. It is initially an
increasing function of k and then it becomes a decreasing function with H,.(N—k**, N,~) > 0
and H,.(N,N,v) < 0.

Proof. H,.(k,N,~) is a sixth degree polynomial in k. To determine the variations and the
sign of H,. we differentiate successively with respect to k. The sixth derivative of H,. with

respect to k is

O%H,,
OkS

(k, N,~) = —172807%(2 4+ v)* < 0 for v > 0.466

And so the fifth derivative is a decreasing function of k. Evaluating the fifth derivative at
the lower bound of the interval of interest k € [N — k** N| gives

O°H,,
k>

(N — k™, N,7) = 1920/°(2 + ) [’y (4217 +69°) N — 2 (2 + 25y — 179° + 37%)

<0 for v>0.466 >0 for ~e[o,1]

So %(N — k™, N,~) < 0 for v > 0.466 and so the fifth derivative is negative for any
k € [N — k**, N] and so the fourth derivative is decreasing on this range. Evaluating the

fourth derivative at the lower bound yields

O'He
Ok*

(N — k™, N,v) = — 967" [7? (4 — 1647 + 50972 — 276~° + 397*) N?
>0 f0r720.466

+ 2y (=16 — 56y + 120492 — 1108+® 4 3617* — 397°) N

i

v~

>0 for v>0.466

64 + 5767 + 22167% — 35527 + 18907* — 4467° +397/°| < 0

>0 for v>0.466

The fourth derivative is decreasing with £ and negative at the lower bound of the interval
considered and so it is negative on the entire interval k € [N — k™, N| and so the third
derivative is decreasing on this range. Evaluating the third derivative at lower bound N —k**
is inconclusive as it can be either positive or negative depending on the parameters. However,
evaluating the third derivative at the upper bound the upper bound of the interval (k = N)
yields
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k3 \ 4

O H,,
(N, N, ) = 247* | +* (=932 4 560 + 5172 — 509* + 3~*) N?
<0 forvyzo.466

—~v%(5136 — 5280 + 1464~% + 316> — 167y* + 11+°) N?

<0 for 4>0.466

+ v(—9424 + 13792y — 756072 + 10727% + 5159* — 1867° + 137%) N

(. /
-~

<0 for v>0.466

—(2 — ) (2880 — 40487 + 232072 — 408> — 1327* 4+ 597° — 57%) | < 0
<0 fo;;zo.466
Hence we know that the second derivative is either monotonically decreasing or initially in-

creasing and then decreasing function for k € [N — k**, N|. Evaluating the second derivative

at the upper bound k = N yields

O?H,,
ok?

(N,N,7) = 49* |y* (—1612 4 1692 — 3457 — 80° + 214*) N*

<0 for v>0.466

—273(6048 — 8820y + 44027% — 482+ — 211" + 434°) N?

<0 for >0.466

+ % (—33904 + 63488~ — 47788~% 4 155407° — 636~* — 7927° + 131~°%) N2

(. 7
~~

<0 for v>0.466

4+ 47(2 — ) (5256 + 94207 — 720272 4 2483~® — 1707* — 1157° + 227°) N

<0 for 4>0.466

2(2 — 7)? (—2432 + 4176y — 325677 + 11847 — 1129* — 499° + 1175)| <0

<0 for v>0.466

So the second derivative is negative at k = N. At k = N — k™, the second derivative can
be either positive or negative depending on the parameters. Furthermore, we show that at

k = N — k**, the second derivative is greater than the third derivative:

02H,, » O3 H,, » 2
i (V= K Ny) = = (N = kN ) = 5 1 7 [VaN* + 15 N® + 15 N? + 4 N + 1]
with

vy = 7*(848 — 2848y + 5144~% + 232873 — 178671* + 20080~° — 9082+° + 17767" — 123~®)
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vy = 473(2112 — 5856y + 14944~* — 16968+ — 180007* + 53844~° — 42587~° + 146497
— 2245+° 4 1237Y)
vy = 272(16384 — 401927 + 8265672 — 202912+ + 1393607* + 276576~ — 43260275 + 2424467
— 650157 4 814277 — 369+'%)
V) = 47(13312 — 37248 + 4620872 — 1310407® + 312128¢* — 17544~° — 354296~° + 3308787
— 1388327° + 301507 — 31837 + 1234'1)
Vo = (2 — ) (14336 — 460807 4 435207* — 135687> + 467328~* — 200256 — 3255687° + 35811277
— 1541607° + 332727° — 34067 + 1234'1)

All the polynomial functions v; are positive for v > 0.466 and so we have %(N —

k* N,v) > azf;“(N — k™, N,~). Thus when the third derivative is positive at N — k**,

the second derivative is also necessarily positive at this point. Hence we know that the

second derivative is either monotonically decreasing and negative on the whole interval
[N — k**/ N]J, or it is monotonically decreasing taking initially positive values and then
negative values, or it is initially increasing and positive and then decreasing and negative
for k = N. Consequently, the first derivative is either monotonically decreasing or initially
increasing and then decreasing. We now sign the first derivative at the bounds of the interval
[N — k™, N]. The first derivative is negative at the upper bound k = N

855 (N,N,7) = —47(3 = 7)T(N)?|29*(2 — 7)(7 + 7)(4 — 37)N?

+ 272 (288 — 4047 4 202v* — 267* — 7y*) N?

. i

>0 for ~v>0.466

+ v (880 — 15367 + 121672 — 4367 + 499" + 99°) N

/

-~

>0 for 4>0.466

(2 — ) (160 — 304~ + 288y* — 1207 4 229* + 75)} <0

[ S
-~

>0 for ~v>0.466

The first derivative is positive at the lower bound k = N — k** for N > 5

aI—Iuc
ok

I'(N
(N — k™, N,v) = (g—:’y))?) L4N4+L3N3—|—L2N2—|—L1N—|—L0]

with
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w=7'2-7B =) 277+ 7%) (=64 + 84y — 929* + 517" + 677" — 937° +157¢%) > 0
<0 forvyzo.466 <0 forvyzo.466
13 = 73(—3392 + 39872y — 84848+% 4 110032+ — 1043967" + 296607° + 60651+° — 75039~7
+ 378219% — 9713+° 4 1228+ — 607') > 0 for v > 0.466
Ly = Y2(7168 + 133248y — 32531277 + 4272967 — 510288~* + 307896~° 4 1137727° — 320946~
+2324537° — 88084~ + 18621~™ — 20464 + 90+'?)
11 = (2 — ) (24576 + 99328~ — 237824~% + 2330887° — 364256~" + 2566887° + 60064~°
— 21839277 + 1593747° — 601637 + 126557 — 1380~ + 60~'?)
o = (2 —7)3(13312 + 271367y — 73472+ + 328967° — 98240~* + 801927° + 11200~° — 56056~"
+ 40968y® — 1539077 + 3223~'% — 3499 + 15+1%)

The polynomial functions ¢4 and 3 are positive for v > 0.466 while the polynomial functions
L2, t1 and g change sign on v € [0.466, 1] (they become negative for v close to 1). Easy
successive differentiation with respect to N of 14 N* + 13N3 + 15 N% 4+ 11 N + 1o shows however
that 2fue (N — k** N, ~) > 06 for N > 5.

Hence we know that the numerator the of derivative of welfare H,.(k, N, ) is an initially
increasing and then decreasing function of k in the interval [N — k**, N|. Let us now sign

the numerator at the bounds of this interval. At the lower bound k£ = N — k** we have

L(N)?

Hy (N =K N,y) = 2+ )

[U4N4 +U3N3 +U2N2 +U1N+U0
with

vy =1 =) (B —9)(2 — Ty ++2)%(32 — 327y + 2479% — 28+® + 18+* — 37°)

U3 = 27°(3 — ) (2 — Ty + 7*)(—64 — 13767y + 32807% — 3344~> + 29407* — 2674~ 4 1661~°
— 58177 + 98+® — 6+%)

Uy = 272(—8704 + 212487 + 12892872 — 408048~® + 5476967* — 533016~° 4 478074~°
— 36885577 + 209438~® — 807327 + 201687 — 30807 + 258¢? — 941%)

v = 29(2 — ) (—10752 + 54144~ + 63616+ — 2832967° + 3593607* — 3388727° 4 309960~°
— 24557477 + 1413507° — 548007 + 137174 — 20914 + 17441 — 6+™%)

vo = (2 — 7)?(—6400 + 551687 + 1849672 — 157088~> + 1725287* — 158968+° + 1516767°
— 12312677 + 71490+ — 278367° 4 6986~' — 10647 4 8842 — 3¢1%)

All the coefficients v; are positive for v > 0.466 and so the numerator H,.(N —k**, N,~) > 0.
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At the upper bound k£ = N we have
H,.(N,N,7) = — (3 —)[(N)? [@4N4 + U3N? + 0,N? + 01N + ¥
with

0y = 4v*(4 — 37)? > 0 for v > 0.466

U3 = 49°(10 — ) (4 — 37)(2 — 2y + %) > 0 for v > 0.466

Dy = (160 — 6407 4 122072 — 972> + 343¢* — 38+°) > 0 for v > 0.466

Oy = 29(2 — ) (4 — ) (=72 + 527y + 467* — 59v° + 20¢") < 0 for v > 0.466

To = — (2 —7)%(336 — 3527 + 409% + 128¢° — 83¢* + 147°) < 0 for v > 0.466

The coefficients 04, U3 and Uy are strictly positive for v > 0.466 while ¥; and vy are negative.
Easy successive differentiation with respect to N of 04N* + U5 N3 + U, N? + 0, N + ¥y shows
that H,.(N,N,7v) <0 for N > 5 and v > 0.466.

Hence we know that H,.(k, N,7) changes sign only once in the interval [N — k™ N|. It
is initially positive and increasing function and then it becomes a decreasing function and

negative. 0

The Lemma above helps up to determine a lower bound k%" for which H,.(k2%", N,~) = 0.

- - s _ 18 - opt ~ T8
By showing that H,.(k, N,) is positive at k = 155 N we will have shown that k%" > {55 NV.

8 2(V,9)

Hye(5oo N N, y) = oo
100 1953125000

> ( for v > 0.466
where Z(N,7) = £NO 4+ &N + E N + EN? + EN? + 6N + & with

€6 = 152175(—22697792 + 856166087 — 916740487 + 343741007> — 4351875*)
> 0 for v € [0.466, 1]

€5 = 1950~° (4696640 + 446727728y — 97209942472 + 7525469407° — 239698898~
+270951757°) > 0 for vy € [0.466, 1]

€4 = 625v1(5008964032 — 3693184832y — 1073648659272 + 17851076144~ — 10604004840~
+27938916527° — 27414672375) > 0 for v € [0.466, 1]

&5 = 625007°T(0) (157675680 — 214745888y — 372162807 + 2258862527 — 159352692+
+ 45324529+ — 4647955+°%) > 0 for ~y € [0.466, 1]

€5 = 31250007°1'(0)%(4175728 — 6082304 4 1059524~% + 3287264~° — 2722052~
+ 8223217° — 872197°) > 0 for ~ € [0.466, 1]
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£ = 1562500007T(0)%(3 — ~)(17360 — 19144~ + 86872 + 8930~ — 53087* + 8617°)
> 0 for v € [0.466, 1]
€0 = 19531250000 (0)*(3 — 7)(336 — 3527 + 407> + 1287% — 83~* + 144°) > 0 for v € [0.466, 1]

AWye
dk

welfare is strictly increasing with k and so we must have k%' > 75 N

Having determined this lower bound on the size of the large CU, we now need to check

The derivative of welfare is thus strictly positive for any k between N — k** and >N,

100

that this size is such that the small union would be constrained and the large would not.

If the large CU is larger than %N, then the small CU must be smaller than %N. As

22N < k*(N,1), the small union is well constrained by Article XXIV.

We now need to check that the large union is larger than k**. Recall that £** is a

1) _ 30N+ _ 78
v5) = 5 < 150V so for

1 : opt 78 opt *k :
v = 3, by showing that k2" > {5z N, we have already shown that k72" > k™. To finish the

proof, we now need to show that k%' > k** for v € (§(N), 5). Evaluating the first derivative
of welfare (D.7) at k** yields

monotonically decreasing function of v and notice that k(N

AW e
dk

i 6k(N7 7)
o7 (N)2D(1)2

(K" {k™, N —k™}) = (D.8)
From the study of (D.6) above, we know that dx(N,~y) < 0 for v € (&(N),V%) and so from
(D.8) we have that the derivative of welfare is strictly positive at k**. Hence the welfare
function is increasing for k between N — k** and k** and so k%' must be greater than k**
and so the large CU cannot be constrained by Article XXIV.

3) Assume that no bloc is constrained by Article XXIV (UU):
As a final check, we assume that neither of the two blocs is constrained by Article XXIV
and we show that this assumption leads to a contradiction.

Making use of (6), (7) and (8), but now with the large bloc imposing 7.(k) = 7(k) and
the small bloc imposing 7.(N — k) = 7(/N — k), we can again calculate the first derivative of
the welfare function of the large bloc with respect to its size

AW (k, {k, N — k}) Huu(k, N,7)

dk ~ 2D(k)2D(N — k)3 (D-9)

with

Huu(ka N7 P)/) = 778(Na 7)k8 + 777(Na ,}/)k? + ﬁG(Na 7)k6 + 775(Na 7)k5 + 774(N7 7)k4
+ ﬁ3<N7 ’y)kg + ﬁ2<N7 ’y)kQ + ﬁl(Na ’y)k + ﬁO

and
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s(N,7) = 32(1 = )(2 = y)°

(N, 7) = = 1697 [3(1 = 7)(25 = 137)N + (2 = 7)(8 — 17y + 577)]

6 (N, ) = 89° [7(1 = 7) (142 — 957 4 169* — 37°) N?
+29(2 — 7)(26 — 96y + 637* — 20v* + 34N
—(2 = 7)%(49 — 3y — 407* + 217* — 3¢*)]

iis(N,7) = — 49° [v3(1 — 7)(453 — 393y + 123+* — 23¢*) N?
+v%(2 — 7)(64 — 8837 + 88372 — 3577 + 53~*) N?
— (2 — )?(647 — 867 — 5027? + 2667 — 37y*)N
—(2 = 7)*(292 — 111y — 979* + 557° — 77*)]

(N, v) = 29" [291(1 — ) (415 — 439y + 1777* — 33+°)N*

— 473(2 — ¥) (147 + 3367 — 53472 + 2487 — 37y ) N3

— 732 — 7)%(3905 — 2775y — 313y% + 507> — 767*)N?

— 29(2 — 7)3(1606 — 1679y + 6567 — 1337° + 149*) N

—(2 = 7)*(682 — 1092y + 6937* — 2017° + 229")]

v? [=47°(1 = 7)(203 — 247y + 1137* — 217°)N?

+44%(2 — ) (688 — 411y — 177+* 4+ 167y* — 274*)N*

+7%(2 — 7)*(12309 — 15884y + 77667> — 19167° + 2217*)N?

+7%(2 — 7)3(14396 — 227357 + 14361+ — 4253+° + 487" N*

+ (2 = 7)4(7040 — 13540 + 9359% — 2774~ 4 2999*) N

+(2 = 7)°(1552 — 3056y + 20407> — 5697° + 57)]

Ml2(N,7) =77 [49°(1 = 7) (41 = 557 + 279 — 57°) N°
— 87°(2 — 7)(283 — 4097 + 229+ — 637> + 89*)N®
— (2 = 7)?(9023 — 153207 + 10214~* — 32087* + 395+*) N*
—27%(2 — 7)*(5881 — 113677 + 81574 — 2557> + 294~4*) N
— 7*(2 — 7)*(6133 — 140347y + 103857* — 31347* + 334+*) N?
—27(2 — 4)°(284 — 10657 + 8307* — 2357% + 229N
+(2 = 7)%(3 = 7)(174 — 2047 + 877* — 13+°)]

773<N7 /7)
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(N, 7) =7(2—7)* [8¢°(41 — 559 + 27¢* — 5g°) N°
+ 7°(1915 — 39487 + 302272 — 1020~° 4 127~4*) N®
Y42 — ) (24 — 1791y + 1997* — 72179° + 834" ) N*
— 273(2 7)?(3094 — 42577 + 23607 — 634> + 699*)N?
— 29%(2 — 4)3(4778 — TAldry + 44137% — 11877 + 1214*)N?
— (2 = )3 = 7)(2015 — 24357 + 985+* — 13393 N
—(2=7)°(3 = 7)*(13 = 57)(12 — 5)]
o(N,7) = (2 — 7)* [1°(413 — 718~ + 488+ — 1547* + 19y*) N©
+29°(2 — ) (1251 — 2152y + 142472 — 428+% + 494*)N*
+ (2 — 7)?(6261 — 105367 + 67167 — 19144° + 205y*) N*
4+ 4~%(2 — 7)(2038 — 3313y + 20187* — 545+ + 55+*) N?
+ 932 = 7)*(3 — 7)(1883 — 2299y + 9314* — 1259%)N?
+27(2 — 9)°(3 — 7)%(103 — 84~ + 177*)N
+(2=7)°(3 = 7)*(7 - 3v)]

As in the (UC) case above, the optimal size of the large CU k%' is given by setting (D.9)
equal to zero. It is again difficult to find a closed-form solution to this polynomial equation
of degree 8 in k, but we can again provide a lower bound for k%' by studying further the
derivative of the welfare function (D.9).

Tedious derivations (multiple successive differentiation as in the (UC) case above) show

that the numerator of the derivative of welfare H,, is a decreasing function of k£ for k €
[N

5, 2¥]. Furthermore, we have

88 E(N,9)

Huu(_Na N? ,}/) B RPN ——
100 152587890625

> 0 for v > 0.466
Where é(N,’}/) EéSNS+é7N7+56N6+§5N5+54N4+53N3+52N2+51N+$0 Wlth

€s = 5227275(1 — ) (=543 + 14509 — 18125+° + 4375+°)

& = 11880077(2 — ) (—13032 + 333843~ — 57574572 4 304625~° — 49475+%)

€6 = 56257°(2 — 7)2(—23581677 + 135143194 — 155087180~ + 643073427° — 8887231~%)
&5 = 3125077 (2 — )3 (—53486337 + 1225817717y — 97377033~ + 324225457* — 3856298+*)
€1 = 3906257 (2 — 7)* (17868441 — 36385396y + 26161984+> — 8014138+% + 892161~*)

€3 = 3906250073 (2 — v)°(1408224 — 24861977 + 16008557 — 447928~" + 46134~%)

£y = 244140625+2(2 — 7)8(3 — ~) (152841 — 196361y + 822337% — 112677°)
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£ = 122070312507(2 — 7)7(3 — 7)%(859 — 7257 + 150~2)
€0 = 152587890625(2 — v)3(3 — 7)3(7 — 37)

All the coefficients fz are positive for v € [0.466, 1] except 55 which changes signs and so
straightforward successive differentiation with respect to N shows that Huu(%]\f N, v) >0
for v > 0.466 and N > 4. Hence the welfare function W, is strictly increasing for k €

[%, %} and k%" must be greater or equal to %N . If the large CU is larger than %N , then

the small CU must be smaller than 11—020]\[. As %N < k**(N, 1), this leads to a contradiction:
a union smaller than k**(N, 1) is necessarily constrained by Article XXIV. Therefore, in a

two-bloc equilibrium, the small bloc is always constrained by Article XXIV. O]

Proof of Proposition 5. We assume that the equilibrium CU structure consists of at most
two blocs: a bloc of size k which forms first and a bloc of size N — k. From Lemma 7 we
know that the two blocs will necessarily be asymmetric with the larger bloc forming first
and so we have k > N — k. The aim of this proof is to determine how does the presence of
the Article XXIV constraint affect the large CU’s choice of its size.

1. Article XXIV binding on the large CU leads to a more asymmetric equi-
librium CU structure: the goal here is to determine how a change in the CET of the
large CU affects the large CU’s willingness to accept more or less members, i.e. we want to

determine the sign of

9 OWE(k)

or Ok r=r(1),ket"

where 77, is the external tariff imposed by the large union and W is the welfare of a member
country of the large union. We are interested in the sign of this second derivative at the
point where the large union is bound by Article XXIV 7, = 7(1) (because we want to see
the local impact of removing Article XXIV and raising 7;,) and where the large union has
chosen its size optimally k%" (case where both unions are constrained by Article XXIV). By

the theorem of Schwarz (also known as Young’s Theorem), we have 0 W) _ 5 OWE(k)

ar, dk T 9k org
owtk) — N-—k
and
PWh(k) 1 )
okdr,  D(0)20(N)2 {67”’“
+ {71 [29T(0)T(N) — 67°N + 47T(0)] — 49L(0)} k (D.10)

+ 7, {T(0)T(N) [[(0) — yN] +7*N? +T(0)*> — 29T (0)N } + I'(0) [['(2N) — 2I'(0)] }

28



Evaluating (D.10) at 7, = 7(1) and k = k%" given by (D.5) yields

0 OW(k) _ fH(N,)
O, Ok |, _raypener 2P(O)(N)2D(1)A(N,7)?
with
FHN, ) = FEON 4+ [ (DN + [ ()N + fE()N + [ ()
fE(y) = —+%(2216 — 8532y + 1142292 — 5979% + 896~* — 27+°)
fE(y) = —293(8896 — 385367 + 639327% — 51294~° + 196017* — 25527° + 73~°)
fE(v) = — 8y%(6480 — 33072y + 651527% — 665607> + 37847~* — 11297+° 4 1293~° — 35~7)
fE(Y) = — 27(34048 — 2046087 + 46204872 — 562784~ + 409136~* — 180036~° 4 44102+°
— 449277 + 1157%)
L(y) = —TI'(0)(19264 — 109696+ + 250320v* — 298784~ + 2195327* — 980727° + 25663+°

— 271077 4 699°)

From Proposition 4 we know that both CUs are bound only for v € [0,4(N)]. Given that
4(N) < 0.476, for the remainder of the proof we will consider v € [0,0.476] which will cover
the range of interest.

The coefficients f£(7), f&(v), fE£(v) and fE(v) (of the fourth degree polynomial in N)
are all negative for v € [0,0.476], but f(v) changes sign for v € [0,0.476]. To sign fX(N,~)

we thus differentiate twice with respect to V.

fH(N,y
d](VQ ) _ 12f1 (7)N* + 6f5 ()N +2f5 () <0 for v € [0,0.476]
and so the first derivative & Ld(]]\\,w) is a decreasing function of N. Furthermore, -% f*(4,7) =

—27(34048 + 2752y — 169248~% — 440007 + 255856~ + 309727° — 1418667 + 29076~7 —
957+%) < 0 for v € [0,0.476] and so ded(+7) is negative for any N > 4 and fX(N,7) is a
decreasing function of N. Finally, f%(4,7) = —38528 — 33728 + 19708842 + 2460327 —
2097207 — 33683675 + 8807475 + 14597977 — 351367° + 11974° < 0 for 7 € [0,0.476] and

so we have

0 OWE(R)
Or, Ok |o (1) pecrt

< 0 for v € [0,4(N)]
And so, when Article XXIV is binding on the big bloc, if it could raise its tariff, it would
want to accept fewer members. L]

2. Article XXIV binding on the small CU leads to a more symmetric equilibrium
CU structure: the goal here is to determine how a change in the CET of the small CU

affects the large CU’s willingness to accept more or less members, i.e. we want to determine
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the sign of
9 OWE(R)
87'5 ok rg=7(1),k=kopt

where 7g is the external tariff imposed by the small union and W is the welfare of a member
country of the large union. Again, we are interested in the sign of this second derivative at
the point where the small union is constrained by Article XXIV 74 = 7(1) and where the
large union has chosen its size optimally. Hence, when the large union is also constrained
by Article XXIV (v < 4(N)), we want to evaluate the second derivative at k = k%" and,
when the large union is not constrained by Article XXIV (y > 4(N)), we want to evaluate
the second derivative at k = k2.
Differentiating (8) with respect to the tariff of the small union gives
OWL(k) 2

s TRV [(N — k)[(N — k)['(0) — 75(N — k)T'(N — k)?]

Differentiating with respect to k yields

& OWeL(k) 2
Ok 9rs  T(0)2[(N)?

{D(O)T[2(N — k)] — 7sT(N — B)T[3(N — k)]} (D.11)

We want to evaluate this derivative at 7¢ = 7(1) and the optimal size of the large CU. The
optimal size of the large CU depends on whether the large CU is constrained or not. We

thus have to distinguish two cases:

2.a) For v < 4(N) < 0.476: the optimal size is k%" given by (D.5). Evaluating (D.11) at
75 = 7(1) and k = k%" yields

0 OWh(k) _ f2(N,7)
Ors Ok | ryprer 2D(0)D(N)2D(1)As(N,7)?
with
FENA) = N+ 5 ()N + ()N + (DN + f5(7)
F2(7) = v*(10 — 13y + 7%)(292 — 6487 + 3737% — 15+°)
£3 () = 167°(1944 — 68527 + 9414~% — 63817° + 2070~* — 194~° + 579)
£ (7) = 27%(64480 — 226224~ + 339520~ — 283744~ 4 137498+* — 352577 4 307875

— 777"

() = 49(61952 — 212704~ + 339600~ — 325104~ + 198216~* — 75878+° + 16253+°
— 132477 + 32+%)

F5(7) = (2 = 7)(92992 — 2586887 + 382544~ — 346784~ + 209772+* — 812087° + 18807+°
— 159877 4 397°)
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f3(N,v) is a fourth degree polynomial in N. All the coefficients f°(v), i = 0,...,4, are
positive for v € [0,0.476] and so f(N, ) is positive for any N > 0 and v € [0,4(N)].

2.b) For v > 4(IN) > 0.466: we do not have a closed-form solution for the optimal size of

the large union, but we know from the proof of Proposition 4 that k%" > 17080]\7 We will thus

show that the second derivative (D.11) is positive for any k € [{=N, N] and ~ € [0.466, 1.
Evaluating (D.11) at 7¢ = 7(1) yields

9 OW" (k) 2f(k,N,)

ors ok ~ T(0)D(N)2D(1)

Ts=7(1)

with

f(k,N,7) = =372+ )k
+ [29(14+3y)N —4+ 8y — 5% k
+ 722 = 9Y)N? 4+ y(16 — 26y + 137*)N +4(2 — ) (2 — 27 + %)

f (k, N,7) is a second degree polynomial in k. The second derivative with respect to k

is W = —67%(2+7) < 0 for v € [0.466,1]. Hence the first derivative of f is a
decreasing function of k. The first derivative of f evaluated at k = 17080N can be either

positive or negative. However, the first derivative evaluated at &k = N is strictly negative
for v € [0.466, 1]

(N, N,7) = =29*(4 = 37)N = 29(4 — 87 +59°) < 0

And so f is either a monotonically decreasing function of & or it is initially an increasing
function of k£ and then a decreasing function of k. In either case, if we prove that fis
positive at both bounds of the considered interval, we will have proven that it is positive on

the entire interval. Evaluating f at the lower bound k£ = 100N yields

.78
gV Vo) = 1172 (334 - 3337) N”

2500

>0 for 76[0 466,1)

+2007(122 — 1697 + 65v%) N

-~
>0 for ~e[0.466,1]

4100002 = Y)(2 =2y ++*) | >0

-

>0 for ~e[0.466,1]
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Evaluating f at the upper bound k = N yields
FIN,N,7) =74 =37)N +4(2 =2y +7%) > 0

And so f is positive for any k € [%N, N] and 7 € [0.466, 1], and so it must be positive at

k = k%', And so, when Article XXIV is binding on the small bloc, if the small bloc could

raise its tariff, the large bloc would want to accept more members. O

Proof of Proposition 6. As explained in the the proof of Proposition 4, for v > 4(N),
it is difficult to find a closed-form for the optimum size of the large CU both with and
without Article XXIV. However, by studying the derivative of welfare of the large CU with
respect to its size, we are able to determine an upper bound for the size of the large CU with
Article XXIV: k%' < SN, and a lower bound for the size of the large CU without Article
XXIV: k% > 8N + 1, which shows that the CU structure with Article XXIV is strictly
more symmetric. The proof proceeds in two steps: first, we determine an upper bound for

k2Pt and second, we determine a lower bound for k2.

uc

1) We show that k%Pt < SN : From the proof of Proposition 4 we know that the numerator
of the derivative of welfare of the large CU with respect to its size, H,.(k, N,7), changes
sign only once in the interval [N — k**, N|. It is initially positive and increasing function

and then it becomes a decreasing function and negative. We show that Huc(%, N,v) <0
and so k' < 8N. Evaluating H,c(k, N,7) at k = 3N yields

8N HYP(N,~)
H, (S N~y = 2w )
we( =g VoY) = =
with
HEP(N,7) = he(v)N® + hs (V)N + ha(7)N* + ha(7)N? + ho(7)N? + by (y)N + ho()

)
) = — 12875(1 — ) (107524 — 135544~ + 420037* — 2997+%)
hs(v) = — 967°(1170608 — 3326704~ + 3733920~ — 20086007° + 481893~* — 39663+°)
) = — 279*(6770112 — 34686816 + 6546181272 — 59159264~ + 27345557~
— 60988937° + 5114227%)
hs(y) = 9727°(2 — ) (444816 — 150388y — 1328708~7* + 18910059 — 1072878~*
4 2735517° — 256107°)
ho(7) = 4374~%(2 — 7)?(221288 — 283896 — 44978~* + 273484~ — 192581~*
+ 546317° — 5522+9)
hi(y) = 787327(2 — 7)3(3 — 7)(2968 — 3148y — 1267 + 1725+ — 977" + 154°)
ho(vy) = 177147(2 — 7)*(3 — 7)(336 — 352 4 4072 + 1287° — 83" 4 147°)
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Hgég(N ,7) is a sixth degree polynomial in N. We determine its sign by differentiating it
successively. The coefficients hg(y) and hs(y) are both negative for v € [0.466, 1] and so the
fifth derivative of HSég(N, 7) with respect to N is negative for v € [§(N), 1]. Therefore, the

fourth derivative is decreasing with N. Evaluating the fourth derivative at N = 4 yields

d* H8/9

il (47) = — 727"(60931008 + 4370077767 — 4388884927° — 6317408967

+ 778687293~ — 2072785177 + 99077587°%) < 0 for ~ € [0.466, 1]

Hence the fourth derivative is negative for any N > 4 and the third derivative is decreasing.
Evaluating the third derivative at N = 4 yields
3

L (4,7) = — 2497 (—216180576 + 912350052y + 13581663967° — 2542389098+

— 1026080069y + 21189661367° — 572491971~° 4 19461546~7)
< 0 for v € [0.466, 1]

Hence the third derivative is negative for any N > 4 and the second derivative is decreasing.
Evaluating the second derivative at N =5 yields
2

N7 HS/2(5,~) = — 24~4%(—322637904 — 344344608~ + 276180516072 + 2684481116+°

— 5934883569~* — 2489306999+ + 5087448636~° — 1372813698~"
+ 46571544+%) < 0 for v € [0.466, 1]

Hence the second derivative is negative for any N > 5 and the first derivative is decreasing.

Evaluating the first derivative at N = 7 yields

d
d—Nng9(7, 7) = — 48v(—116838288 — 791104968y — 4385401567 + 6064487874~

+ 7654428044~ — 13375288074+° — 108777749367 + 163275068797
— 4364846022+° + 1788680887°) < 0 for v € [0.466, 1]

Hence the first derivative is negative for any N > 7 and HSég(N ,7) is decreasing in N for
N > 7. Evaluating HSég(N, v) at N =9 yields

HE%(9,~) = — 1417176(1 + 47)(—2016 — 20736+ — 448087* + 133720~> 4 426240~*
— 31858475 — 8129177° + 852991~7 — 214960~® + 9408+") < 0 for v € [0.466, 1]

And so H,.(%Y, N,~) is negative for any N > 9 and v € [0.466,1]. Thus, for N > 9, we

know that the derivative of welfare of the large CU with respect to its size is strictly negative

8N

for any k € [55, N] and so the welfare function is decreasing on this interval and hence we
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opt
must have k2" < =5

2) We show that k2P* > % + 1: From the proof of Proposition 4 we know that the

numerator of the derivative of welfare H,, is a decreasing function of k£ for k € [%, %].

Furthermore, we have

H(BY 1, = i ()
g T 43046721

with

HEYNHY(N ~) = ha(7)N® + hy(7)NT + he(7) NS 4 hs(7)N® + hy(y) N* + hy(7) N3
+ ha(Y)N? 4 hi(7)N + ho(v)

hg(7) = 2567%(1 — ) (=191 + 1009y — 1053+? + 243+?)
ha(y) = 57677 (—9932 + 54877y — 95199~2 + 73923~ — 27441~* + 3780~°)
he(7y) = 817°(—4268396 + 14080084~ — 16960511~ 4 9412786~* — 2040132~*
—931987° + 72231~°)
— 7297°(10223696 — 9286212y — 393034167> + 94486143~* — 90787556+~*
+ 456661107° — 11899684~° 4 126437577)
ha(y) = 65617* (798544 — 653517767 + 25051712442 — 4270842567° + 411981428~"
— 2413202194° + 854596557° — 16879111~" + 1428999+°)
— 590497° (6975232 + 79321024~ — 26860603272 + 461989604~> — 4745345687*
+ 3087960377° — 1281553127° + 32625848~" — 45746387° + 264497~°)
hao(7y) = 531441~7%(3567168 — 34340928~ + 116308704~* — 208912384~* + 229568260~*
— 163316936~ + 76134788~°% — 2272383947 4 4063152+® — 375877+ + 12062+'°)
hi () = 47829697(698112 — 64460167 + 2238528072 — 421769127° + 49261712+*
— 376515247° + 190734087° — 62768837" + 12631627° — 1344757” + 4364~ + 228~')
ho(7y) = 43046721(2 — ) (24192 — 2090887 + 68457672 — 1203280~> 4 1280584~*
— 854948+° + 3504707° — 792637" + 60074° + 10907° — 2367 + 8+')

ﬁ5(7)

>
w
2

[

Hq%gNH(N ,7) is an eighth degree polynomial in N which we sign again by successive dif-

ferentiation. We have hg(y) > 0 and h7(y) > 0 for v € [0.466, 1]. The seventh derivative of

H%gNH(N ,7) with respect to N is thus strictly positive and the sixth derivative is increas-
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ing. Evaluating the sixth derivative at N = 14 yields

d6
WHSQWH(M, 7) = 7207°(—345740076 + 5798452687 + 1455554257+ — 2925443886~

+ 1110593276~ 4 2642480827° — 1221733537°)
> 0 for v € [0.466, 1]

Hence the sixth derivative is positive for any N > 14 and the fifth derivative is increasing.
Evaluating the fifth derivative at N = 37 yields

d5
WH%*)N“(S?, v) = 1207°(—7453074384 — 69984648324~ + 117372061584~

+ 3961703748717% — 469602069600~* — 343198770758+°
+ 493697013984~° — 113485470957") > 0 for v € [0.466, 1]

Hence the fifth derivative is positive for any N > 37 and the fourth derivative is increasing.

Evaluating the fourth derivative at N = 57 yields

d4
WHS{}’NH(W, v) = 1944~*(64682064 — 315172740967 — 163909258236~

+ 2946218196847 + 1047807767128+ — 913479950409~
161783925791575 + 178640633997977 — 3928682345314%)
> 0 for v € [0.466, 1]

Hence the fourth derivative is positive for any N > 57 and the third derivative is increasing.
Evaluating the third derivative at N = 78 yields

d3
WHSQW“(?S, v) = 1458+(1694981376 — 125480741767y — 2351281089168+

— 9810826864236 + 177361263178807* + 684795667589057°
— 435990479125207° — 138292111396576+7 + 138217523336946+°
— 297728945181637°) > 0 for v € [0.466, 1]

Hence the third derivative is positive for any N > 78 and the second derivative is increasing.

Evaluating the second derivative at N = 99 yields

d2
WH%W“(%, 7) = 106288272(3567168 + 195841728 — 1921542144~

— 174867696464~° — 646944962468~* + 1170952601564~°
+ 4759434546420~° — 2263227348443~ — 11178475532846~°
+ 10643459033365+° — 2267493934194+'%) > 0 for € [0.466, 1]
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Hence the second derivative is positive for any N > 99 and the first derivative is increasing.
Evaluating the first derivative at N = 119 yields

d
E}V}JS£WV+1(119,7):: 7(3339048054528 + 4203548656214407 + 13261444138967040~>

— 149157832409171280~% — 9715542761362073616~*

— 32766647617390506444~° + 60586315309854899496~°

4 2478371500469522048297" — 94346534470572068388~"
— 634006781021231152741+° 4 589625555035644706788~"
— 1249196233516412302444) > 0 for v € [0.466, 1]

Hence the first derivative is positive for any N > 119 and HS{LQNH(N ,7) is increasing in N
for N > 119. Evaluating HS£9N+1(N, v) at N = 139 yields

HEONHL(139, ) = 2082772548864 + 445085187704064~ + 32409995470751232+
+ 7682917582815886087> — 9456782826434012640+*
— 506308930097789714112+° — 1599756068676308952960~°
+ 3004720697457136302120~7 + 12353849957872691636641~°
— 38023315352566289655457" — 33588024046516040228650~"
4 30743031928745898281124~ — 6488263933821223297128+'2
> 0 for v € [0.466, 1]

And so H,, (%", N,~) is positive for any N > 139 and v € [0.466,1]. Thus, for N > 139,

we know that the derivative of welfare of the large CU with respect to its size is strictly
N SN
279
hence we must have k%! > 3 4+ 1.

positive for any k € | + 1] and so the welfare function is increasing on this interval and

N 0] 8N 8N o
Thus we have for N > 139 and v € [J(N), 1], k?' < 5= < 55 + 1 < k. O

E CU formation algorithm

To determine the equilibrium CU structure (the number of CUs and their size), we numeri-
cally solve backwards the bloc formation game. To do so, for every N and v, we run a grid
search over the possible partitions of the N countries. We make use of the two following
results derived in Lemmas 5 and 7: 1) the equilibrium CU structure is asymmetric; 2) there
are at most four CUs in equilibrium. These two results allow us to significantly restrict the
number of partitions we need to consider.

The calculation algorithm is as follows: Take a given N and . Assume that there will
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be at most four CUs in equilibrium. Let us denote these four blocs in order of formation
1, 2, 3 and 4, and their respective size ki, ko, k3 and k4 knowing that ki > ko > ks > ky.
(Note that we are not imposing that there will be four CUs, but at most four CUs. Some
of these CUs may be empty).

Once CUs 1 and 2 form, the third CU chooses its size k3 to maximize its welfare Wj.
The fourth union is formed by the remaining countries ky = N — (k; + ko + k3). Thus, for

a given k; and ko, the third union solves

argmax Ws(ks, {k1, k2, k3, N — (k1 + ko + k3)})
k3

Hence for any k; € [%, N] and for any ks € [%, N —Fky], we need to find k3 € [w, N-—

k1 — ko] which maximizes welfare of CU 3. This gives us a “reaction function” kj(ky, ks).
Then we move on to calculate the size of the second union. Again, once CU 1 forms,

the second union chooses its size ky to maximize its welfare Wy knowing k3 (K1, k2). So for a

given ki, the second union solves

argkmax WQ(kQ, {k’l, kQ, k;(l{fl, 1{72), N — (1{71 + k?g + ]{?;(1{31, 1{72)})

Hence for any k; € [%, N], we need to find ky € [& gkl , N — k1] which maximizes welfare

of CU 2 knowing k3(k1, k2). This gives us another reaction function kj(k1). Finally, we

determine the size of the first CU which chooses k; to maximize its welfare W; knowing
k3 (ky) and ki (k1, k5(k1)). We solve

argmax Wik, {ky, k3 (k) k3 (R k3 (1)), N — (ky + k3 (k) + k5 (R, B3 (1) })
1

We run this grid search for 0 < v <1 (varying v by 2-107%) and for N =4,...,10°.
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